
MAXIMUM A POSTERIORI ESTIMATOR FOR CONVOLUTIVE SOUND SOURCE
SEPARATION WITH SUB-SOURCE BASED NTF MODEL AND THE LOCALIZATION

PROBABILISTIC PRIOR ON THE MIXING MATRIX
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ABSTRACT

In this paper we present a method for the separation of sound source
signals recorded using multiple microphones in a reverberant room.
In particular, we propose a maximum a posteriori (MAP) estimator
based on the multichannel nonnegative tensor factorization (NTF)
model with the localization prior distribution on the mixing ma-
trix, in which the latent data consists of the so-called sub-sources
for an improved performance in a reverberant environment. For the
proposed MAP estimator, we derive the sub-source based expec-
tation maximization (EM) algorithm with the multiplicative update
rules (MU) and the localization prior distribution (LP) on the mix-
ing matrix (SSEM-MU-LP). We then perform several experiments
for speech and instrumental sound sources recorded using two mi-
crophones, in determined and under-determined scenarios, and with
different types of initialization of the model parameters. The results
of these experiments clearly indicate a significant improvement of
the proposed algorithm with the localization prior over the state-of-
the-art NTF-based source separation algorithms, which can reach up
to 50% in the signal-to-distortion ratio.

Index Terms— Sound source separation, nonnegative tensor
factorization, probabilistic localization prior, expectation-maximization

1. INTRODUCTION

Blind sound source separation (BSS) from convolutive mixtures re-
mains a challenging task, especially in under-determined scenarios
where the number of sources is larger than the number of micro-
phones. Over the years, various approaches have been presented
in the literature including independent component analysis (ICA)
[1], nonnegative matrix factorization (NMF) [2], nonnegative ten-
sor factorization (NTF) [3], as well as deep learning methods [4].
In this work, we focus on the multichannel NMF/NTF based meth-
ods [5, 3], which proved to be highly effective in convolutive audio
source separation [6, 7, 2]. Their advantage is that these adaptive
algorithms perform source separation without the need to use any
training data. Of particular interest to the presented work is the gen-
eralized expectation maximization algorithm with multiplicative up-
dates (GEM-MU) [8], in which the multichannel NTF based model
is incorporated into the EM algorithm. In [7], the sub-source based
expectation maximization algorithm (SSEM) has been proposed to
improve on source separation performance. In [9], the sub-source
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based expectation maximization algorithm with multiplicative up-
date rules (SSEM-MU) [9] has been presented, however, to the best
of our knowledge, the evaluation of this method has not been shown
in any publication.

In this paper, we aim to improve the performance of the multi-
channel NTF based separation for convolutive mixtures by addition-
ally incorporating the localization prior distribution. To this end, we
adapt the approach presented in [10] to incorporate the localization
prior on the mixing matrix into the posterior probability. We pro-
pose the MAP estimator with sub-source based multichannel NTF
model, and present the update equations for the derived sub-source
based expectation maximization (EM) algorithm with multiplicative
update rules (MU) and the localization prior on the mixing matrix
(SSEM-MU-LP). Subsequently, we perform an extensive evaluation
of the proposed algorithm in experiments with speech and instru-
mental sound sources, in determined and under-determined scenar-
ios, with random and perturbed oracle parameter initialization. The
superior results of the proposed algorithm over the existing algo-
rithms motivates the choice of incorporating the localization prior.

2. SIGNAL MODEL

Let us consider a scenario in which J sources are recorded in a re-
verberant space using I microphones. Our aim is to blindly sepa-
rate the unknown signals of J sources from a convolutive I-channel
mixture. For i = 1, ..., I and j = 1, ..., J , the vector of the micro-
phone signals in the Short-Time Fourier Transform (STFT) domain
xfn = [X1fn, X2fn, ..., XIfn]T ∈ CI can be expressed as

xfn =

J∑
j=1

yjfn, (1)

where yjfn = [Yj1fn, Yj2fn, . . . , YjIfn]T ∈ CI denotes the vector
with the signals of the j-th source in the STFT domain as captured
by all I microphones (in the source separation literature such con-
tribution of the source to the I-channel mixture is referred to as the
spatial image of a source). The time and frequency indices of the
STFT are given by n = 1, . . . , N and f = 1, . . . , F , respectively.
In order to model spatial and spectral cues, we assume the so-called
local Gaussian model (LGM) [11] in which each j-th source spatial
image is modeled as a zero-mean circular complex Gaussian vector

yjfn ∼ Nc(0,RjfVjfn), (2)

with the time-invariant, complex-valued, full-rank spatial covariance
matrix Rjf ∈ CI×I and non-negative spectral variance Vjfn ∈ R+.
In the following, we apply a joint NTF model which factorizes the



matrix with spectral variances for all sources V ∈ RJ×F×N+ into
a sum of three nonnegative matrices: Q ∈ Rj×k+ , W ∈ Rf×k+ ,
H ∈ Rk×n+ [3, 8]. The spectral variance for the j-th source is then
structured with the NTF model as

Vjfn =

K∑
k=1

QjkWfkHkn, (3)

where Qjk = [Q]jk, Wfk = [W]fk, Hkn = [Q]kn are the elements
of the respective matrices, K denotes the number of components,
and k = 1, . . . ,K. Note that the columns of matrix W represent the
frequency profiles, the rows of matrix H represent time activations,
while matrix Q maps k-th component to the j-th source. Given (1)
and (2), the following microphone signal model is obtained

xfn ∼
J∑
j=1

Nc(0,RjfVjfn). (4)

Next, following [7] we assume that the latent data consists of the so-
called sub-sources which share the same spectral variance for a given
source. For the j-th source, we introduce I sub-sources modeled as

Sjifn ∼ Nc(0, Vjfn), (5)

and collect them into a sub-source vector sfn = [S11fn, . . . , S1Ifn,
S21fn, . . . , S2Ifn, . . . , SJ1fn, . . . , SJIfn]T ∈ RJI+ . We assume
that the components of sfn are mutually independent between the
sources. On the other hand, the spatial covariance matrix Rjf can be
nonuniqualy represented as

Rjf = AjfAHjf , (6)

where Ajf ∈ CI×I denotes the mixing matrix with steering vectors
for all sub-sources of the j-th source and {·}H denotes the conjugate
transpose operator. In this work, we assume that the mixing matrix
is full rank in order to model the entire room reverberation [10].
Finally, we can obtain the signal model

xfn = Af sfn + bf , (7)

which follows from the model given by (4), in which Af =
[A1f ,A2f , . . . ,AJf ]T, and the noise term bf = [Bf1, Bf2, . . . ,
BfI ]

T ∈ CI is added. The introduced noise term can be, e.g.,
used in the so-called simulated annealing [6]. The noise vector is
modeled as

bf ∼ Nc(0,Σb,f ), (8)

with the noise covariance matrix given by Σb,f = σ2
b,fII×I .

3. MAXIMUM A POSTERIORI ESTIMATOR WITH THE
LOCALIZATION GAUSSIAN PRIOR

In this section, we present the proposed maximum a posteriori
(MAP) estimator for the model described in Sec. 2. with the local-
ization prior distribution on the mixing matrix which consists of the
steering vectors. In order to estimate the parameters of the proba-
bilistic model Θ = {A,Q,W,H,Σb} with a prior distribution on
A, we formulate the following posterior where X is the observed
microphone mixture and the latent data consists of the sub-sources
S. The negative log-posterior of the complete data {X, S} can then
be written as

− logP (X, S|Θ) = logP (X|S,Θ) + logP (S|Θ) + logP (A) .
(9)

In this work, we assume that the mixing matrix for the j-th source
can be modeled as a complex Gaussian distribution [10]

Ajf ∼ Nc(Ujf ,Σjf ), (10)

with meanUjf ∈ CI×I and covariance matrix Σjf ∈ CI×I . Such a
mixing matrix Ajf can be selected so that the signal that propagates
over the direct path is concentrated only in the mean of the prior for
the first sub-source (i.e., for i = 1), which can be written as

Ujf =
[
djf ,OI×(I−1)

]
, (11)

where OI×(I−1) is the zero matrix and the steering vector for the di-
rect path signal is given by djf =

[
1, e−ω τ2 , ..., e−ω τI

]T, where
ω = 2πf ,  =

√
−1, and τi denotes the delay between the direct

signal that propagated from the source to the i-th microphone rel-
ative to the delay for the first microphone. In addition, we model
the late room reverberation using the so-called spatial coherence
matrix Ωf ∈ CI×I [12], whose elements are given by [Ωf ]ii‘ =

sinc(
ω||pi−pi′ ||2

ν
), where pi and pi’ are the respective microphone

positions and ν denotes the wave velocity. Since the diffuse late re-
verberation cancels out on average, it is taken into account only in
the covariance of the prior, which can be expressed as

Σjf = Ωf . (12)

Next, by introducing the conditional expectation operator EX|S,Θl [·]
to the negative log-posterior (9), the following cost functionQp(Θ,Θl)
to be minimized is obtained (up to constant values)

Qp(Θ,Θ
l)fn =

∑
f,n

Tr
{
Σ−1
b,fn

(
R̂xx,fn − Af R̂

H

xs,fn−

R̂xs,fnAHf + Af R̂ss,fnAHf
)}

+
∑
f,n

log |Σb,f |+

I
∑
j,f,n

dIS
(
ξ̂jfn|Vjfn

)
+ γ logNc(Af |Uf ,Σf ),

(13)

where Tr{·} denotes the trace operator, γ is the trade-off hy-
perparameter for the localization prior, dIS(ξ̂jfn|Vjfn) denotes
the Itakura-Saito divergence [13], and the so-called sufficient
statistics are given by R̂xx,fn = EX|S,Θl [XfnXHfn], R̂xs,fn =

EX|S,Θl [XfnSHfn], R̂ss,fn = EX|S,Θl [SfnSHfn] and ξ̂jfn =

EX|S,Θl [ 1
I

∑
i |Sji,fn|

2].
The proposed expectation maximization algorithm which esti-

mates the model parameters Θ is derived in Sec. 4. The final step
of the presented source separation is to retrieve the spatial source
images from the microphone signals in the STFT domain using the
well-known multichannel Wiener filter, which is given by

Ŷjfn = RjfVjfn

[
J∑
j=1

RjfVjfn

]−1

Xfn. (14)

4. THE PROPOSED SSEM-MU-LP ALGORITHM

In this section, we present the update equations for the proposed sub-
source based expectation maximization (EM) algorithm with multi-
plicative update rules and the localization prior distribution on the
mixing matrix (hereafter denoted as SSEM-MU-LP or the proposed
algorithm). The derived update equations for minimizing the cost
function (13) using the proposed EM algorithm are provided below.



Note that since our algorithm builds on the SSEM-MU algorithm
with sub-source modeling, the presented update rules for the E-step
are analogous to the ones presented in [9], while they are different
for the M-step. In the E-step, we compute the conditional expec-
tation of sufficient statistics R̂xx,fn, R̂xs,fn, R̂ss,fn and ξ̂jfn using
the following update equations [9]

R̂xx,fn = AfRss,fnAHf + Σb,f , (15)

R̂xs,fn = Rxx,fnGH
s,fn, (16)

R̂ss,fn = Gs,fnRxx,fnGH
s,fn + (IJI −Gs,fnAf )Rss,fn, (17)

ξ̂jfn =
1

I

jI∑
i=(j−1)I+1

R̂ss,fn(i, i), (18)

where Gs,fn and Rss,fn are calculated using the current estimates
of parameters, and they are given by

Gs,fn = Rss,fnAHf R̂
−1

xx,fn, (19)

Rss,fn = diag([

I times︷ ︸︸ ︷
V1fn, . . . , V1fn, . . . ,

I times︷ ︸︸ ︷
VJfn, . . . , VJfn]). (20)

In the M step, following [10], we minimize the cost function
(13) over Af , which yields the following closed-form solution

Af =

[
γΣ−1

f +
1

σ2
b,fN

∑
n

(
R̂ss,fn ⊗ II

)T]−1

[
γΣ−1

f Uf +
1

σ2
b,fN

∑
n

(
R̂
H

xs,fn

)]
,

(21)

where ⊗ denotes the Kronecker product operator, and

Uf = [U1f ,U2f , . . . ,UJf ]T , (22)

Σf =

Σjf 0
. . .

0 ΣJf

 . (23)

However, since Uf and Σf are defined in our work as power-
normalized matrices, while the powers of R̂ss and R̂xs depend on
the powers of the microphones signals, we modify (22) to achieve
the correct normalization of the latter matrices. The proposed
closed-form solution is given by

Af =

[
γΣ−1

f +
1

σ2
b,fN

∑
n

(
Rss,fn ⊗ II

)T]−1

[
γΣ−1

f Uf +
1

σ2
b,fN

∑
n

(
RHxs,fn

)]
,

(24)

where

Rss,fn =
R̂ss,fn

Tr{R̂ss,fn}
, (25)

Rxs,jfn =
R̂xs,jfn

Tr{R̂xs,jfn}
, (26)

and Rxs,fn =
[
Rxs,1fn,Rxs,2fn, . . . ,Rxs,Jfn

]T
.

In addition, in the M-step, parameters Qjk, Wfk, and Hkn are
updated using the so-called multiplicative update rules, which for the
NTF model are given by

Qjk ←− Qjk
∑
fnWfkHknξ̂jfnV

−2
jfn∑

fnWfkHknV
−1
jfn

, (27)

Wfk ←−Wfk

∑
jnHknQjk ξ̂jfnV

−2
jfn∑

jnHknQjkV
−1
jfn

, (28)

Hkn ←− Hkn
∑
jf WfkQjk ξ̂jfnV

−2
jfn∑

jf WfkQjkV
−1
jfn

. (29)

Note that at the end of each iteration, the estimated matrices Af , Q,
W and H should be normalized, as described, e.g., in [8], to avoid
scale and phase ambiguity. In the proposed algorithm, Σb is updated
using the so-called simulated annealing (for more details please re-
fer to [6]). Regarding computational complexity of the proposed
algorithm, note that the localization prior adds very little to the over-
all complexity since both first terms in square brackets of (21) do
not require recalculation over the iterations. In fact, the localization
information significantly increases algorithm’s convergence speed,
and as a consequence much less iterations are required.

5. EXPERIMENTAL EVALUATION

5.1. Experimental setup and evaluation criteria

This section presents the description of performed experiments, the
compared methods, and the criteria used in evaluation. The perfor-
mance of the compared source separation methods is evaluated in
a set of numerical experiments performed in a room of size 10 ×
10 × 4 m with a reverberation time of 250 ms. In all experiments,
two microphones (I = 2) with the microphone spacing of 0.05 m
are located around the room center and the sources are located ran-
domly at a distance of 2 m from the microphones under an additional
constraint that the distance between the sources is larger or equal to
1 m. The microphone signals are obtained as a sum of convolutions
of non-reverberant source signals and the respective room impulse
responses between the sources and the microphones simulated using
the image-source method [14]. Two types of source signals are se-
lected, namely, the speech signals and the instrumental signals. All
non-reverberant recordings of the source signals are taken from the
EBU SQAM database [15] with 6 speech excerpts of 3 male and 3
female speakers and 6 instrumental recordings of flute, violoncello,
piano, accordion, trumpet, and marimba. The final microphone sig-
nals sampled at 16 kHz are trimmed to 8 s, and a 2048-point STFT
with 50% overlap is used to process the signals in the STFT domain.

The proposed SSEM-MU-LP algorithm is compared with three
state-of-the-art source separation algorithms, which all contain
various elements of the proposed processing. These three meth-
ods are: the generalized expectation maximization algorithm with
multiplicative update rules (GEM-MU) [8], the sub-source based
expectation maximization algorithm (SSEM) [7] and the sub-source
based expectation maximization algorithm with multiplicative up-
date rules (SSEM-MU) [9]. Four standard evaluation measures
are used to investigate the separation performance, namely the
signal-to-distortion ratio (SDR), image-to-spatial distortion ratio
(ISR), signal-to-interference ratio (SIR), and signal-to-artifacts ra-
tio (SAR), respectively [16]. The experiments are performed for
two types of scenarios, namely, the determined scenario (in which
J = I = 2) and the under-determined scenario (in which J = 3 and



Table 1. SDR, SIR, ISR, and SAR results obtained with parameters estimated in the 100-th iteration for the Proposed, SSEM-MU, SSEM,
and GEM-MU algorithms for determined and under-determined scenarios with speech and instrumental sources, initialized randomly and
with the perturbed oracle values.

Scenario Determined Under-determined
Sources Speech Instrumental Speech Instrumental

Parameter SDR SIR ISR SAR SDR SIR ISR SAR SDR SIR ISR SAR SDR SIR ISR SAR

In
iti

al
iz

at
io

n Random

Proposed 8.6 12.0 13.0 13.6 13.1 17.3 17.6 20.3 5.3 8.1 9.5 8.2 9.2 13.9 13.5 13.3
SSEM-MU[9] 1.6 2.2 6.6 4.3 1.8 1.9 6.1 6.9 0.7 -0.8 4.2 2.8 0.8 -0.2 4.2 4.0
SSEM [7] 1.7 1.5 6.3 4.7 1.9 1.6 6.0 6.9 0.6 -1.4 4.0 2.4 0.4 -1.2 3.9 3.4
GEM-MU [8] -0.3 1.9 6.0 0.8 0.0 1.8 5.5 2.6 -0.7 -0.4 4.2 0.1 -0.7 0.0 4.1 1.1

Perturbed
Proposed 9.5 14.0 14.7 12.9 15.6 20.6 20.8 20.6 5.7 9.1 10.1 8.4 9.4 14.9 14.5 13.3
SSEM-MU[9] 7.6 14.1 14.4 10.6 7.2 16.6 16.8 8.7 3.0 7.2 9.5 4.4 5.0 10.7 12.0 7.0

Oracle SSEM [7] 6.7 10.9 12.1 9.7 7.4 12.7 13.6 10.3 2.8 4.8 7.2 4.5 3.4 5.8 7.8 6.8
GEM-MU [8] 4.4 11.9 12.5 6.1 5.2 13.9 14.5 6.7 1.0 5.5 8.0 2.1 5.5 12.4 13.4 7.0

I = 2). In each scenario, 16 speech and 16 instrumental recordings
with random source positioning in a room are used. Each result (in
dB) presented in this paper is obtained by averaging over 160 results,
obtained by performing 10 experiments with random initialization
for each of the 16 recordings.

Finally, since the compared state-of-the-art algorithms strongly
depend on the initialization of parameters, we perform the experi-
ments for two types of initialization. At first, the parameters of the
respective algorithms (A,Q,W,H) are initialized with random val-
ues drawn from the uniform distribution, whereby the random values
in matrices W and H are additionally scaled with the power of the
observed mixture averaged over time and frequency, respectively.
Secondly, in order to provide ’good’ initialization, the parameters
are initialized with perturbed oracle values following a procedure
presented in detail in [6]. In particular, the matrices Q,W, and H are
initialized with the results of the IS-NMF algorithm [13] for a single
source recording, while A is initialized using the original mixing sys-
tem; all matrices with the parameters are then perturbed with high-
level additive noise. Irrespective of the initialization procedure, in
case some of the already existing techniques did not converge (SDR
<-10 dB), such results were omitted from the calculation of the final
averaged values.

5.2. Results and discussion

Figure 1 presents the SDR results obtained using the proposed
SSEM-MU-LP algorithm and three existing algorithms (SSEM-
MU, SSEM, and GEM-MU) for a number of performed experi-
ments. Several general observations can be made. Firstly, the results
of source separation for instrumental signals are in general better
than those for the speech signals irrespective of the investigated
algorithm. This can be attributed to the larger differences in time-
frequency representations for different instruments. Secondly, the
results obtained for the determined scenarios are much better than
those for under-determined scenarios with the gain of circa 1/3 to
1/2 of the final SDR score. Comparing four studied algorithms, one
can clearly observe that the proposed algorithm yields significant
improvement in SDR compared to the state-of-the-art techniques
for all performed experiments. In addition, the proposed algorithm
is shown to be significantly more robust against random initializa-
tion in comparison with all three existing techniques. In contrary,
other algorithms struggle to achieve good performance unless their
parameters are sufficiently well initialized.

The averaged results of all performed experiments in terms of
four evaluation measures are presented in Table 1. These results con-
firm the conclusions drawn from Fig. 1. As can be observed, with
random initialization, some of the existing methods do not converge,
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Fig. 1. Signal-to-distortion ratio (SDR) averaged over 10 random
experiments in a determined (upper plot) and under-determined (bot-
tom plot) scenarios for source signals estimated with perturbed ini-
tialization which are found in the 100-th iteration.

and they achieve poor source separation. Furthermore, three exist-
ing techniques produce much lower SAR than the proposed method,
while SIR and ISR can be considered closer to each other, which in
turn causes SDR scores to be significantly better for the proposed
method than for all other studied methods. Finally, including more
advanced models such as using subs-source and adding multiplica-
tive update rules yields improved separation performance.

6. CONCLUSIONS

In this paper, we have presented a novel sound source separation
method based on the maximum a posteriori estimator with NTF
model and the localization prior. The derived sub-source based ex-
pectation maximization algorithm with multiplicative update rules
and the localization prior has been shown in a number of experiments
to outperform state-of-the-art source separation algorithms that do
not account for the a priori information. The key advantage of the
proposed algorithm is that it achieves very good separation results
without any training or knowledge about the room characteristics.
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